The frequency response function (FRF) obtained by Fourier transformation inevitably includes bias errors if data acquisition time is not long so that the signal decays fully. These errors are sensitive to the phase rather than the magnitude of FRF. And these errors will be amplified through transfer function synthesis (TFS) process since the operation of complex variables is used. In this paper, a method to remove these errors is proposed so as to enhance the results of TFS. Finally, numerical and experimental examples show that the FRF of synthesized structure can be predicted nearly exactly by the method proposed in this paper, even though the FRFs of substructures contain bias errors.
Introduction
Transfer function Synthesis (TFS) (1) method is widely used to estimate the response of synthesized structure from the dynamic characteristics of substructures. The frequency response function (FRF) of substructure is needed as the input data of TFS process.
A Discrete Fourier Transformation (DFT) is also used to obtain the FRFs since discrete time signal is usually acquired in experiments. However the FRF by DFT method inevitably includes some bias errors. One is the leakage error which occurs when the data acquisition time is not integer multiple of the period of the signal. The other is the finite record length error due to the finite data acquisition time. These errors will make us to get the distorted FRFs. The averaging operation is usually used in conventional DFT process to remove the random errors in FRFs, and the window function (2) is also used to reduce the leakage error. These processes, however, can never remove bias errors completely. FRFs distorted by these bias errors have harmful effects on TFS. It is because the operation of complex number, the magnitude and phase of FRF, is used in TFS process.
There have been some studies to remove bias errors completely. Burgess (3) studied the effects of leakage error of single harmonic signal when the number of data is assumed to be infinite. Dishan (4) investigated the phase error due to the leakage in DFT process. Jeong (5) estimated the frequency, amplitude and damping ratio from error-contaminated harmonic signal. Ahn (6) made clear the finite record length error in FRF. Seo (7) investigated the effects of leakage error to the estimation of acoustic intensity.
In this paper, the effects of bias errors in impulse responsive spectrum of multi-degree of freedom systems will be discussed. A new method to remove these errors is also presented. This method is based on the iterative method to find frequency resolution errors in order that the sum of errors between theoretical FRF and experimental FRF is minimized. This new method is also applied to TFS method since the effects of bias errors will be magnified through TFS process. Numerical and experimental examples showed that the FRFs of synthesized structure could be predicted nearly exactly by this method, even though the FRFs of substructures are contaminated by the bias errors.
Bias Error in FRF

1 Single degree of freedom (SDOF) system
The equation of motion of viscously damped system with single degree of freedom due to unit impulsive force δ(t) is given as
And the unit impulse response function is given as (1) h(t) = e
Here, h(t) is the unit impulse response function, ς is damping ratio, ω n is undamped natural frequency and ω d = 1 − ς 2 ω n is damped natural frequency. Fourier transformation of Eq. (2) gives the frequency response function (FRF) as (6) 
where
Here, E( jω) T is called finite record length error which occurs due to the finite acquisition time. Finite record length error is distinguished from leakage error in this paper since finite record length error will occur even there is no discrepancy of period of signal. It can be seen easily that Eq. (3) has no error if record length T becomes infinite.
2 Multi degree of freedom (MDOF) system
The equation of motion of viscously damped system with multi degree of freedom under unit impulsive force is given as
And the unit impulsive response function at point j by exciting point k is given as (1) h jk (t) = n r=1 φ jr φ kr m r ω dr e −ς r ω nr t sinω dr t (6) where φ jr is j th value of r th mode vector, m r is r th modal mass. And Fourier transforming equation (6) during record length T gives the compliance (displacement/force) as follows;
where,
Here, E( jω) T , called the finite record length error in this paper, goes to zero as T becomes infinite.
The averaging operation is usually used in FFT (Fast Fourier Transform) technique in order to remove the random error included in the signal. However, the bias error such as the finite record length error given in Eq. (7) can never be removed by the averaging operation. A new method to remove this bias error is necessary for the good estimation of FRF.
New Method
The method for removing bias errors is based on theoretical modal analysis. The impulse response signal of MDOF damped system given in Eq. (6) can be re-written as follows.
A r e −σ r t sinω dr t
Here, A r is the amplitude of r th mode, σ r is r th modal damping factor and ω dr is r th damped natural frequency. Let us assume that Eq. (8) is sampled with discrete time ∆t and N data are obtained during record length T . The frequency resolution ∆ f of the Fourier-transformed spectrum will be determined by ∆ f = 1/T = 1/N∆t. The frequencies of input signals can never be the integer multiples of ∆ f . Therefore, the number of periods of sine wave, which is denoted by p r + q r , will be usually not an integer value and can be defined as ω dr = (p r + q r ) × 2π∆ f . Then, the discrete Fourier transformation of Eq. (8) gives the compliance as followings.
Assuming the number of data N is sufficiently large in Eq. (9) gives the following relation.
Equation (10) shows the theoretical expression of biased FRF involving finite record length error at frequency k∆ f . Here, p r is an integer value as consecutive number of r th modal peak, which can be easily read from the spectrum. If there is no leakage error, q r becomes zero and unbiased FRF can be obtained. However, q r will not be zero in most cases. The q r is called frequency resolution error in this paper.
Equation (10) shows that the discrete FRF can be assumed as the function of unknown values q r , σ r , A r (r = 1,···,n). For simplicity, Eq. (10) can be rewritten as follows.
The FRF obtained by experiments inevitably includes the effects of frequency resolution errors. The effects of frequency resolution errors in FRF can be removed by finding out the values of the frequency resolution errors {q}.
The theoretical expression of FRF with taking consideration of the effects of frequency resolution error is given by Eq. (10) or Eq. (11). The frequency resolution errors, {q}, should be determined so that the theoretical expression given in Eq. (10) or Eq. (11) is as similar as experimental FRF. Therefore, the {q} must be determined to minimize the following cost function. The cost function, J, is defined by the square value of the discrepancy between the theoretical spectrum given in Eq. (10) and experimental spectrum as follows.
Here,H k denotes the theoretical FRF estimated from Eq. (10), andĤ k denotes the FRF obtained from experiments. The subscript k denotes the frequency of k∆ f . Let us assume u i (i = 1,···,3n) represents the design variables {q}, {A}, {σ} for simplicity. Then, the differentiation of cost function given in Eq. (12) with respect to u i will give the followings.
If the derivatives are determined, any optimization technique can be used to find out the design variables to minimize cost function given in Eq. (12). The GaussNewton method is used in this paper.
After deciding searching direction from Eq. (14), new design variables are determined by one dimensional golden section searching method. And step size parameter α of design variables is decided by following equation.
Design variables modified by Eq. (15) are repetitively calculated until they converge. The convergence of this iterative method depends on the estimation of initial values of design variables. The method to estimate good initial values of design variables has been studied by Ahn (6) . This is a single degree-of-freedom method which neglects the coupled effects between peaks. Finally, FRF without bias errors can be derived by setting E r ( jω) T = 0 in Eq. (7) as follows.
Transfer Function Synthesis Method
The transfer function synthesis (TFS) method is applied to show that the new method is effective to remove bias errors in FRF. TFS is a method to estimate the FRF of synthesized structure from that of substructures. The FRF of synthesized structure is very sensitive to the errors of FRF in the substructures since the operation of complex variable is used. Figure 1 shows an example of schematic TFS model. As shown in Fig. 1 , the substructure A and B are connected by stiffness k and damping c. In order to estimate the displacement of synthesized structure at point r when point f is excited, let us assume that the FRFs of substructure, 
Here, the transmitted force R i at the connection i is given as 
. . .
Solving simultaneous equation (20) will give the response at point r as follows (1) .
The bias errors in the FRFs of substructures will seriously affect the magnitude and phase of FRF in the synthesized structure since the complex variables are used in TFS. Figure 2 is a typical example of the numerical model for TFS. This model consists of an aluminum plate, a steel beam and three rubber mounts. A beam of 30 mm × 30 mm×249 mm is connected to a 500 mm×510 mm plate with thickness of 5.9 mm through a rubber. Density of the plate and the beam is 2 193 kg/m 3 , 7 850 kg/m 3 respectively. Rubber mounts have stiffness 73 548 N/m, damping 8 N·s/m. In Fig. 2 , F is exciting force, points 1, 2 are connective points and R is response point.
Numerical Simulation
1 The numerical model
2 Numerical method
A numerical model shown in Fig. 2 is converted to discrete model through finite element method.
The plate and beam are assumed to be undamped structure, and matrix [C] in Eq. (22) is determined by the Fig. 2 A numerical model for TFS damping value of rubber mounts. And the equation of motion in modal coordinate will be given as
Equation (23) can also be re-written as
The exciting force is assumed to be half sine as shown in Fig. 3 . The time response by this excitation is calculated from Eq. (24) by use of Runge-Kutta method, which is given as Fig. 4 .
3 FRFs of substructure
The time data given in Figs. 3 and 4 are Fouriertransformed to get the FRF of substructure with varying the record length. Theoretically exact FRF can be easily obtained by the followings. Figure 5 shows comparison of FRFs. The solid line denotes the exact FRF given by Eq. (25), the dotted line denotes the FRF when the time data is acquired during 1 second and dash-dotted line denotes 4 seconds. The longer the acquisition time is, the more exact to the theoretical FRF. However, the phase obtained from the data of record length 4 seconds still shows the discrepancy with theoretical phase. The FRFs acquired from the acquisition time of 1 second is used as the input of the proposed method. The aim of the method is to obtain the correct FRFs form the distorted FRFs. Figure 6 shows the results by the proposed method. Table 1 depicts the magnitude and phase of peaks in Figs. 5 and 6. It can be seen that both the magnitude and phase are distorted for the shorter data acquisition time (T = 1 sec) when the conventional method is used. Acquiring the data for longer time (T = 4 sec) can reduce the error of magnitude in FRF, but cannot remove the phase error. However, both the magnitude and phase are nearly equal to the exact FRF for the proposed method even shorter data acquisition time (T = 1 sec) is used. Figure 7 shows the FRFs after TFS by conventional method with the variation of data acquisition time.
4 The FRFs of synthesized structure
The FRFs of record length of 1 second is modified to remove the bias error by the proposed method, which Table 1 The errors of the peaks in FRF shows in Fig. 8 . This result informs us that proposed TFS is nearly equal to the exact TFS. And accurate dynamic characteristics can be obtained by the proposed method Table 2 The errors of the peaks in synthesized FRF even though the record length is not sufficiently long.
The magnitude and phase of the peaks shown in Figs. 7 and 8 are summarized in Table 2 . The errors of the phase and magnitude of the peaks are magnified through the TFS process when the conventional method is used. Even the data is acquired for longer time (T = 4 sec), the FRF after TFS is still distorted because the phase error of the FRF of the substructures will make severe effects on the FRF of synthesized structure. However, the synthesized FRF by the proposed method shows good agreement with exact FRF. Figure 9 is an experimental model. This model is equal to previous numerical model. This model also consists of an aluminum plate, a steel beam and three rubber mounts which play a role of support. Figure 10 is a typical acceleration time signal obtained by impact hammer testing. The number of data acquired is 4 096 and sampling time is ∆t = 1.953 × 10 −3 .
Experiments
1 An experimental model
2 The FRFs by proposed method
The true FRF can never be known. However, nearly exact FRF can be obtained if sufficiently long time is used for data acquisition. It can be seen from Fig. 10 that data acquisition time of 8 seconds is sufficiently long so that the signal decays fully. Therefore, the FRF from the data record length of 8 seconds is assumed to be nearly exact FRF. Figure 11 shows the comparison of FRFs. Selfexcited FRF is used so that resonance and anti-resonance peaks are remarkable (2) . The solid line denotes the nearly exact FRF, the dotted line denotes the FRF by conventional DFT and dash-dotted line denotes the FRF by proposed method. This result shows that FRF by proposed method is as like as the nearly exact FRF, while the FRF by conventional method is still distorted. The limitation of conventional DFT can be overcome by use of the proposed method.
Peak values of Fig. 11 are depicted in Table 3 . The FRF by the proposed method nearly have no errors likewise the numerical results.
3 The FRFs of synthesized structure
The FRF of synthesized structure is estimated from the FRF of substructures by use of TFS method. Figure 12 shows the FRFs of synthesized structure after TFS.
Peak values of Fig. 12 are depicted in Table 4 . This Table 3 The errors of the peaks in FRF Fig. 12 FRFs of synthesized structure by proposed method Table 4 The errors of the peaks in the synthesized FRF result shows that the proposed method can overcome a bias error inevitably included in the conventional FFT. It is verified by numerical simulation and by experiments that the proposed method is effective to remove the bias error in the FRF.
Conclusions
( 1 ) The method to estimate the frequency resolution error in the Fourier transformed FRF is proposed. This method can predict error-free FRF from errorcontaminated FRF.
( 2 ) This method is applied to TFS method since the errors in the FRF of substructure will be magnified through the TFS process.
( 3 ) The errors due to insufficient record length lead the distortion of the magnitude and phase of FRF. The phase distortion makes severe effects on TFS process rather than the distortion of magnitude does in the conventional Fourier transformation.
( 4 ) The numerical simulation and experimental testing show the validation of this method.
